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Abstract. We prove that, if Ai is the Hodge Laplacian acting on differential 1- 
forms on the (2n + l)-dimensional Heisenberg group, and if m is a Mihlin-Hormander 
multiplier on the positive half-line, with L-^-order of smoothness greater than n + i , 
then m(Ai) is L^-bounded for 1 < p < oo. Our approach leads to an explicit 
description of the spectral decomposition of Ai on the space of L-^-forms in terms of 
the spectral analysis of the sub-Laplacian L and the central derivative T, acting on 
scalar-valued functions. 



Introduction 

The (2n -f 1) -dimensional Heisenberg group has a (unique modulo dilations) 
left-invariant Riemannian structure which is invariant under the action of the uni- 
tary group U{n) by automorphisms (i.e. the natural action on the C^-component, 
when Hn is realized as x R). Various differential-geometric aspects of this 
structure have been analyzed in the literature [DT, L, Rl, R2]. 

On the contrary, from an analytic point of view, most of the attention has been 
given to the operators related to the CR-structure on or to its sub- Riemannian 
structure (the sub-Laplacian and the Kohn Laplacians), leaving only a marginal 
role to the "Riemannian" operators. Our interest here is in the Hodge Laplacians 
Afc = dd* + d*d acting on differential /c-forms on Hn, a family of operators that 
naturally arise in the Riemannian setting, and in their L^-functional calculus. For 
k > 1, Ak is far from being diagonal (in contrast with the Kohn Laplacians for 
the 9fc-complex) in any reasonable basis of forms. This makes its analysis quite 
involved, with a level of complexity that increases with k (as long as k < n; it goes 
without saying that we are dispensed from treating higher values of k by Hodge 
duality) . For this reason our results are limited to the case k — 1 (together with the 
"scalar" case k = 0), and we believe that investigating Laplacians on higher-order 
forms would require a more sophisticated understanding of the decomposition of 
the space of L^-forms under the action of A^. 

Our main result is Theorem 6.8, proving that, if m is a Mihlin-Hormander mul- 
tiplier on the positive half-line with a sufficiently high order of smoothness, then 
m(Ai) is bounded on 1-forms in L^, for 1 < p < oo. The order of smoothness is 
measured in terms of "scale-invariant" local Sobolev norms (called -^^sioc)' ^^'^ ^ 
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is required to be strictly larger than n + |, i.e. half of the dimension of Hn as a 
manifold. 

As a preliminary result, the same statement is proved for the Laplacc-Beltrami 
operator Aq acting on functions (Theorem 6.4). That the critical value for r is 
n + I in this case is not surprising, because Aq locally behaves like the ordinary 
Laplacian on R^'^+-^, and at infinity like the sub-Laplacian L, and it is known that 
n + 1 is critical for both these operators (see [MS] for what concerns L). To be more 
specific, if we scale on isotropically by a parameter tending to zero, we produce 
a deformation of Aq which in the limit gives the Laplacian; on the other hand, if 
we scale by a parameter tending to infinity in the automorphic (non-isotropic) way, 
the resulting deformation of Aq tends to L [NRS] . As observed in [R2] , this doubly 
asymptotic picture has no analogue for forms of order A; > 1. The fact that n + | 
remains the critical value for r also when k = 1 turns out to be a consequence 
of the fact that the space of L^-l-forms decomposes as the orthogonal sum of 
five subspaces such that on each of them the action of Ai is unitarily equivalent 
(possibly modulo an intertwining operator) to the action of a "scalar" differential 
or pseudo-differential operator related to Aq. Precisely, we find 

(1) the space Vi of exact forms, where the action of Ai is unitarily equivalent 
to Aq acting on scalar functions; 

(2) the space of 9^-closed (l,0)-forms, where Ai acts as Aq — iT compo- 
nentwise; 

(3) the space V2 of 9^-closed (0, l)-forms, where Ai acts as Aq + iT compo- 
nentwise; 

(4) two other subspaces, V^, where the action of Ai is unitarily equivalent to 
that of Aq + § ± -y^Ao + ^ on scalar functions. 

Whereas Vi,V2'.,V^ can be detected by a simple inspection, the last two sub- 
spaces are not so visible, and their description involves a rather delicate formalism. 
The presence of had been detected before in [L] for Hi. We thank Michael 
Christ for bringing this reference to our attention. 

Once this is established, the task is to prove first that the decomposition of the 
space of 1-forms into these five subspaces also makes sense in for p 7^ 2 in the 
range 1 < p < 00 (i.e. to prove that the corresponding orthogonal projections 
are L^-bounded) , and then to prove that Mihlin-Hormander multipliers with order 
of smoothness r > n + ^ give bounded operators on when applied to the five 
operators above. In doing so, we heavily rely on the results in [MRSl, MRS2]. 

1. The Hodge Laplacians 

Let Hn be the (2n-|-l)-dimensional Heisenberg group with coordinates (x, y, t) e 
M"' X M"' X M, and with a basis of left-invariant vector fields given by 

(LI) x, = a,^.-|a,, Y, = dy^ + ^dt, T = a,, 

for 1 < j < n. The dual basis of 1-forms is given by the 2n elementary forms 
dxj, di/j and by the contact form 

1 

e = dt-- Y^{xjdyj - Vjdxj) . 
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We denote by A'^ = A'^(f}*) the A;-th exterior product of the dual of the Lie 
algebra i)n of Hn (also identifiable with the space of left- invariant A;-forms on Hn). 
We call 

the space of smooth fc-forms on with compact support. This notation will be 
consistently adapted to function spaces other than V{Hn) or to subspaces of A'^. 

We shall often meet differential (or pseudo-differential) operators which act sep- 
arately on each scalar component of a given form. In these cases we will denote by 
the same symbol the operator, call it D, acting on scalar- valued functions, and the 
corresponding operator acting on forms, which should be more correctly denoted 
by D (g) /. 

It will be convenient for us to work with different bases of complex vector fields 
and forms. We then set 

Bj = -^{Xj - iYj) , Bj = i=(X,- + iYj) , 

and ^ ^ 

Pj = -^(^^3 + idyj) , Pj = ~ ^^y^"^ ■ 

The relevant commutation relation is 

The differential df of a smooth function is then given by 

n n 

(1.2) df = J2i^jf + dVj) +Tfd = J2iBjf + Bjf Pj)+Tfd, 

and similarly for exterior derivatives of differential forms. Observe that, in partic- 
ular, 

n n 

(1.3) d9 = - ^ dxj A dpj = Pj A Pj . 
A A;-form uj decomposes uniquely as 

(1.4) <jJ = U!i + d AU2 , 

with 

(1.5) '^'^'^''^^ 

c^2= 9J,J'P'^P' , 

\I\+\I'\^k-l 

where we have followed the usual convention that, if / = {ii, . . . ,ip} is a finite 
subset of {1, . . . ,n} with ii < i2 < ■ ■ ■ < ip, then 
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and similarly for (3^ . 

Clearly, a;2 = if A; = and a;i = for A; = 2n + 1. 

We say that to is horizontal if cc'2 = 0, and we call horizontal differential of a 
smooth function / the horizontal form 

n 

(1.6) dHf^J2^B,f(3,+B,fPj) . 

We denote by (resp. VA^{Hn)) the subspace of A'^ consisting of horizontal 
/c-forms which are left- invariant (resp. with compact support). 

The notion of "horizontal form" presents serious problems, that are treated in a 
systematic way in [Rl] . For instance, the natural extension to horizontal forms of 
the operator dn in (1-6) does not define a complex, because d^ ^ 0. However we 
shall not use any such property, and on the other hand (1.6) provides a convenient 
notation. For instance, w.r. to the decomposition (1.4), we have 

(1.7) d(a;i + 6* A a;2) = {duijJx + idd) A 012) + 6* A (Tcui - dn^jJ-i) ■ 
Identifying uj with the pair ( '^^ ) in (1.4), the operator 

d = dk:VA''{Hn)^VA^+\Hn) 
is then represented by the matrix 

(1.8) '^=(T"!^fj). 

where e denotes exterior multiplication, i.e. e{d9)uj — {d9) Aw. 

We introduce on the left-invariant Riemannian metric that makes the basis 
(1.1) orthonormal at each point. W.r. to the induced inner product on A'^, the 
elements 

[3^ Ap^\ OA fi'^ A 

(with |/| -|- |/'| = /c, I J| -|- I J'l = A; — 1) also form an orthonormal basis. Let a;, ui' be 
two A;-forms, with 

U) = UJl -\- 9 A UJ2 1 Uj' = uj'i -\- 9 A Ul>2 1 

and let fi,i'.,gj,j' be the coefficients of oj as in (1.5), and fiji,g'jji the corre- 
sponding coefficients of u' . The inner product in L'^A^{Hn) = L'^{Hn) (8) A'^ is such 
that 

{u},uj')k = ^{fi,i'J'i,i') + J2^3j,j',g'j,j') 

1,1' J, J' 

where the inner products of the coefficients are taken in L'^[Hn). In particular the 
decomposition (1.4) is orthogonal. The formal adjoint of dk-i, 



J* 



7* 



n A k — 1 t TT \ 
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is represented by the adjoint matrix of (1.8), i.e. 
(1.9) d*= ( .fj. ~^ 



i{de) -d*jj 

where i{d9) = e{dd)* is the interior multiphcation operator 

n n 

i=i i=i 
It follows that the Hodge Laplacian on fc-forms 

Afc = dd* + d*d 

is expressed by the matrix 

^ ^,dH e{de)\r d*H -T\(dH e{de)\ 



T -dn J \i{de) -d*Hj ' \i{de) -d*H J \ T -dn J 

(1.10) 

■ Ah - T2 + e{de)i{de) [d*jj, e{de)] 

[i{de),dH] Ah - T"^ + i{d9)e{de) 

where 

Ah = dndff + d^dn ■ 
In particular, for /c = we simply have 

n 

(1.11) Ao = d*d=- J2iBjBj + BjBj) - , 

acting on scalar- valued functions. 

2. The CR-structure 

It is possible to simplify various terms in (1.10) and get a better understanding 
of that formula by appropriate decompositions of the space of horizontal forms. In 
order to do so, we must refer to the standard CR-structure on Hn. The operators 

n n 
j=l 3=1 

initially defined on functions, are naturally extended to forms. They satisfy the 
following identities: 

(2.1) = = d,d; + Bid, = d,d; + d;d, = o , 

as well as 
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Observe that, by (1.8), 

d% = dbdb + hdh = -Te{d9) . 

Setting 

□ = d,d; + d;d, , □ = BbB; + BiB^ , 

we obtain that 

(2.3) A// = n + n. 

Then □ is the Kohn Laplacian and □ its complex conjugate. A {p, q)-form, 
p, q < n, is a horizontal form 

\I\=P,\I'\=q 

Clearly, the decomposition (1.4) can be further refined, by decomposing uji as a 
sum of (p, k — p)-forms and uj2 as a sum of — 1 — p)-forms. The notation A^''^, 
T>AP''^{Hn), etc. refers to (p, g)-forms. It is well known [FS] that □ and □ act as 
scalar operators on {p,q)-foTms (we shall write Dp^g and Dp^^ when appropriate). 
If 

n n 

L = - J^iBjBj + BjBj) = - Y,{X] + Yf) 

3=1 3=1 

is the sub-Laplacian, then 

1 / n \ 

(2.4) □p,, = -L + i T; 



2 V2 
similarly, 

(2.5) n^,, = \L-i{^-q)T . 
It follows from (2.3) that 

(2.6) /\H = L + i{q-p)T 
on (p, g)-forms. 

We next describe the structure of the remaining diagonal terms in (1.10), i.e. 
e{d6)i{d6) and its transpose i{d6)e{d6). Since these operators do not involve any 
differentiation, their action can be analyzed on exterior forms. Many of the formulas 
below are also stated in [Rl,2] and are derived from the formulas for the Lefshetz 
decomposition on Kiihler manifolds in [W]. For completeness, we give some explicit 
proofs, and we allow forms of any order, even though we shall later restrict ourselves 

1 C ™„ 
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Proposition 2.1. Consider the following subspaces of hP''^ , 

F/'^ = e{d9y keiAP-.-,.-.- i{dd) , 

Then Vp'^ is non-trivial if and only «/ max{0, A; ~ n} < j < min{p, g}, W^''^ is 
non-trivial if and only i/max{0, n — k} < £ < min{n — p,n — q}, and we have the 
equality 

Vp'^ = Wf^ , fori = j + n-k = . 
Moreover, A^'^ is the orthogonal sum of the non-trivial V?''^ , and 

e{de)i{de) = j{j + l + n~k) = {e{j) + 1) + k-n) 
i{de)e{de) = {j + l)(j + n - /c) = + l + k-n) 

on y/'^. 

Proof. Because ker*(cZ^) = (e((i6')A^'~^''^~^)"'" inside A^'^, every (p, q')-form uj can 
be uniquely decomposed into the orthogonal sum 

u — uq -\- e{d9)a 

with i{dd)ujQ = 0. Next, we decompose a as 

a = ui -\- e{d9)a' , 

with i{d9)u>i — 0. The resulting decomposition 

oj = ujo-\- e{d9)oji + e{d9fa' 

is also orthogonal, because 

{e{d9)iOi,e{d9fa') = {i{d9)e{d9)uJi,e{d9)a') 
= {n- k-\-2){iOi,e{d9)a') 
= . 

Iterating this procedure, we end up with writing 

minjp.g} 

CO = e{d9yu!j , 
i=o 

with ujj e A.P-j'1-j and i{d9)ujj = 0. A direct computation shows that, when 
applied to horizontal A;-forms, 
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(see also [W]). Then 

i{de)e{deyujj = [i{de),e{dey]ujj 

= e{dey[i{de), e{dd)]e{dey-^-'ojj 

(2.8) 

= ^(n -k + 2 + 2i)e{dey-^ujj 
= j(n-k + j + l)e(dey-'^u;j . 

Hence, 

min{p,qr} 

(2.9) e{de)i{de)uj = + j + l)e{deyujj , 

j=0 

showing that e{d9y{d9) diagonahzes w.r. to the decomposition 

min{p,q} 
AP'1 = ^ Vf''^ . 

i=o 

By (2.7), i{d6)e{d9) also diagonahzes w.r. to the same decomposition, and 
i{de)e{de)uj = e{de)i{de)uj + (n - k)uj 

= ij + '^)in-k + j)e{deyu;j . 

j=0 

But i{d9)e{d9) is positive semidefinite, so that ivj must be for j < k — n. 
Therefore Vp'^ can be non-trivial only if max{0, /c — n} < j < min{p, g}. In 
order to see that this condition is also sufficient, observe that for j in this range, 
< p + q — 2j < k — 2 max{0, k — n} = min{A;, 2n — k} < n. Then 

a; = /?i A • • • A pp^j A Pp-j+i A • • • A Pp+q-2j 

is a non-zero element of AP~3^^-i satisfying i{d6)ui = 0. That e{ddyuj is non-zero 
is trivial for j = and it follows by induction from (2.8). In conclusion, 

min{p,Q} 

j=max{0,fc — n} 

where the summands are non-trivial and mutually orthogonal. 

A repetition of the same arguments with the roles of e{d9) and i{d9) interchanged 
shows that 

min{n— p,n— g} 
^=max{0,n— fe} 

and that i{d9)e{d9) = e(e + k-n+l)I on Wf ^. 

A comparison with the eigenvalues in (2.10) provides the identification of Vj'''^ 

with Wf^^y □ 

Consider now the off-diagonal terms 

[i{d9),dH] , [d}i,e{d9)] 
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Proposition 2.2. We have 

[i{de),db]=-id*, , [i{de),dt] =idi 

[di e{de)] = idb , [B;, e{de)] = -iOb . 

In particular, 

[i{d6), dn] = id^ - idl , [d^, e{de)\ = idb - idh ■ 

Proof. Given j G {1, . . . , n} and I, J Q {1, . . . , n}, define e^j as unless j ^ I and 
{j} U / = J, in which case 

i.e. the signature of the permutation that moves j from the left of / to its correct 
position w.r. to the natural ordering of J. Let uj = f A . Then 

{i{Pj)di, + dbi{pj))u; = i{P,)Y,4,iBd P' A P'' 

I, J 

+ dbY.ei^fP'' AP'' 

M 

= J2 ^i^lBiJ P'^ A P'' 

t7, L 

+ E elMS^MBifP'' AP'' 

£,M,L 

= E ( E + E 4m^.v) Bif A p^' . 

e,L ^ J M ^ 

Consider the expression 

E 4,l4,L + E M 
J M 

for fixed £, L. Assume first that i j- The first sum does not vanish only in one 
case: i^I,j&I,L = IU {£} \ {j}, with the only no n- vanishing term in the sum 
corresponding to J = {£} U /. But this is also the only case when the second sum 
has a non-vanishing term, the one corresponding to M = I f] L. It takes a few 
moments to verify that, if this is the case, the two terms have opposite signs, so 
that the total expression is always for i ^ j. 

Assume now that £ = j E I. The first term is 0, and the second term is also 
unless M — and L — I. In this case the total expression gives 1. Finally, 

if £ = J ^ /, the first term is 1 and the second is 0. The conclusion is that the 
expression under consideration equals 1 ii I = j and L = I and otherwise. Hence 
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A similar computation shows that 

Putting these identities together, we find that 

n 

i{d9)db(jj = i i{Pj)i{Pj) d^oj 

n n 
n n 

= —idluj + dbi{d9)uj . 

This gives the first identity in the statement. Taking complex conjugates and 
transposes, the other three follow. □ 

In combination with the formula preceding (2.3), this immediately gives 

Corollary 2.3. We have 

Udb = dbU- iTdb, 

Ddb = dbD + iTdb, 

hence, by duality, 

din = nd;-iTdi 

din = ndl+iTdl. 



3. Spectral multipliers of i and L 



The operators i and L admit commuting self-adjoint extensions on L^(i/„), 
and their joint spectrum is the Heisenberg fan gB?. If 

^m = {(A,0:e = (n + 2m)|A|,AeM} , 

then 

■^n — • 
meN 

The variable A corresponds to i~^T and ^ to L, i.e., calling dE{X,^) the spectral 
measure on F„, 

i-^T= [ XdE{X,0, L= [ ^dE{X,0- 

It follows from the Planchcrel formula that the spectral measure of the vertical 
half-line {(0,^) : ^ > 0} C Fn is zero. A spectral multiplier is therefore a function 
//(A,^) on Fn, whose restriction to each £^ is measurable w.r. to dX. Later on we 
shall use results from [MRS1,2] concerning L^-boundedness of spectral multipliers. 
For the moment, we use these facts to discuss L^-boundedness of certain operators 
that will appear in the next Section, together with some — L^-estimates for 
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Lemma 3.1. The operators 

are bounded on L^{Hn) for |q;| < n and r > 0. 

Proof. By (1.11), Aq = L — T'^. Hence we just need to observe that the multiphers 

^^^^'^^ = (e + - aXy ' ^^^^'^^ ^ (e + A2 - aXy 

are bounded on F^. □ 

The Cauchy-Szego projection C is the orthogonal projection of L'^{Hn) onto the 
Hardy space H'^{Hn), consisting of the L^-functions / such that dhf = 0. It is a 
weU-known fact (see [S, Ch. XIII]) that H'^{Hn) is also the null-space of 

n 

L-inT^ 200,0 = 29^*^6 = -2 ^ BjBj . 

i=i 

What is relevant for us at this stage is that C = fx{i~^T, L), where /i is equal 
to 1 on the half-line ^ = — nA, with A < 0, and elsewhere. In the same way, 
the complex conjugate C of C projects Lp'{Hn) onto the null space of db-, which is 
the same as the null space of L -|- inT = 2^0,0 , and its multiplier equals 1 on the 
half-line ^ = nA, with A > 0, and elsewhere. The next result follows easily. 

Lemma 3.2. The operators 

U{L - inT)-'' {I - C) , U{L + inTyil - C) 

are hounded on . 

We pass now to the — L^-estimates. 

Lemma 3.3. Let /i(A,^) he a smooth function defined on an angle Dg = {(A,^) : 

^ > (n— 5)|A|}, with 5 > 0, and homogeneous of degree —d, withO < d < n+1. Then 
fx{i~^T, L) is well-defined and bounded from L^i^Hn) to L^{Hn) for 1 < p < q < oo 



Proof. It follows from [G, AD] that fi{i~^T, L)f = f*K, where K is smooth away 
from the origin and homogeneous of degree — (2n + 2 — 2d). The conclusion follows 
from the generalized Young inequality. □ 



4. Decomposition of L'^A^{Hn) under the action of Ai 

For k = 1, the conclusions of Sections 1 and 2 lead us to write the generic 1-form 
UJ as 

u = UJ+ + UJ- + h9 , 
where u>+ is a (l,0)-form and a;_ is a (0, l)-form. Then 

fu+\ [Ao-iT -idb \ /uj+ 

(4.1) Ai cc;_ = Ao + iT idb uj. 
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Obviously, Ai, initially defined on 'DA^(i7„), is essentially self-adjoint, and the 
domain of its self-adjoint (Friedrichs) extension is 

domAi = {uje L'^A\Hr,) : Aiu e L^A^J/^)} , 

where Aio; is meant in the sense of distributions. 
If a; e T>A^[Hn) is exact, say u) — dip, then 

Aio; = dd*dip = dAo(p , 

i.e. d intertwines the action of Ai on to with the action of Aq on We shall show 
that a similar statement holds for exact L^-forms, with d replaced by a modified 
intertwining operator which is L^-bounded. Before doing so, we must make some 
preliminary remarks. 

_ 1 

Lemma 4.1. The operator R = c/Aq ^ is isometric from L'^{Hn) to its image in 

1 _ i _ 1 

Proof. By Lemma 3.1, ^ and TAq ^ are bounded on L'^{Hn). We recall that 

the Riesz transforms BjL~^ , B^L~^ are also bounded on Lp'. Since 



S,A-^ = (S,.L-)(L^A-^), 

— - - 1 
it follows that BjA^ ^ is L^-bounded, and similarly for BjA^ . 

Hence, for (p e T>{Hn), 

WRifg = WdA-^ifg 

^{A--'d*dA--'cp,ifi) 

= Iblli • □ 

We say that u G L^A^{Hn) is exact if there exists u G V{Hn) such that u) = du 
in the sense of distributions (componentwise). In the same sense we shall talk later 
on of di- exact forms or of di,- exact forms. 

Lemma 4.2. Let r be such that | — ^ = 2n+2 ■ V ^ L'^^^iH^) is exact, then 
CO = dv, in the sense of distributions, for some v G L'^{Hn). 

Proof. By definition, there is m G T>'{Hn) such that uj = du. Define 

V = Ao^d*a; = L'^ {A~^ L^)R*uj , 

where R* = Aq ^d* is the adjoint of the operator R in Lemma 4.1. Then R* is 

— - 1 1 
L^-bounded, and Aq is too, by the spectral theorem. Finally, L~2 is bounded 

from to L^, e.g. by Lemma 3.3. Hence v G L^{Hn). Moreover, 

dv = RR*uj G L'^A\Hn) , 

and 

Aqv = d*u! = Aqu . 

Observe now that 

Ai(a; - dv) = Aid{u - v) = dAo(u - v) = . 
The conclusion will follow from the next lemma. □ 
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Lemma 4.3. The Hodge Laplacian Ai is injective on L'^A^{Hn). 

Proof. Assume that u> — L0++u>-+h9 satisfies Aio; = in the sense of distributions. 
By (4.1), this means that 

(Ao - iT)u>+ = idbh , 
(4.2) (Ao + iT)a;_ = -idbh , 

(Ao + n)h = —idbOJ+ + idluj- . 

We multiply the first equation in (4.2) by (Ao — iT)dl, and the second equation 
by (Ao + iT)d^. Using the identities 

dtiAo - iT) = (Ao + iT)dl , a,*(Ao + iT) = (Ao - iT)dl 

- easily deduced from (2.4) and (2.5) -, and performing some simple computations, 
we obtain that 

(A2 + T2)(Ao + n)/i= (Ag + T2(Ao + n))/i , 

i.e. 

Ag(Ao + n- l)/i = . 

Since the zero set of the multiplier corresponding to the operator on the left-hand 
side is the origin, and it has measure zero in the Heisenberg fan, this implies that 
/i = 0. □ 

Proposition 4.4. The operator P\ = RR* on L'^h}{Hn) is the orthogonal pro- 
jection onto the subspace of exact LP' -forms. In particular, this subspace is closed. 
Moreover, Pi maps domAi into itself. 

Proof. Clearly, Pi is sclf-adjoint. Assume that lo G LPh}{Hn) is exact. By Lemma 
4.2, there is w G L'^{Hn) such that uj = dv. Let x be a non-negative, smooth 
function on with compact support, equal to 1 on a neighborhood of the origin, 
and define Xji^^t) = x{z/ j^t/ p). Let also {ipj}j^^ be an approximate identity in 

V{Hn). If 

then Vj V in U{Hn)- Moreover, 

dvj = ifj * (xjw) + * {vdxj) , 

if we interpret the concolution (pj * ck of (pj with a 1-form a componentwise. 
If I • I denotes a homogeneous norm on Hn, 

WVj * {vdxj)h < hdxjh 
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and it tends to zero as j tends to infinity. Hence dvj — > dv in L^A^(if^). 
Given a e VPs}{Hn)^ we then have 

(Pio;, a) = {dv, Pia) 

= hm (dvjjPia) 

= lim {vj,d*dAQ^d*a) 

— lim {vj^ d*a) 

= {v,d*a) 
= {dv, a) , 

showing that Piu> — ui. 

On the other hand, if a; = Pio;', let v = l^Q^d*uj' e L'^(Hn), as in the proof of 
Lemma 4.2. If o" e X'Ai(iyn), 

= {co',P,a) , 

so that = Piuj' = a;. To prove the last part of the statement, take again 
a e VA^{Hn). Then 

AiPid = Ai{dA-^d*a) = dd*dA-^d*(7 = dd*a , 

and 

PiAi(7 = dAo M*Ai(7 = dAo^d*dd*a = dd*a . 

Therefore AiPi = PiAi on T>A^(Hn). For a general a e domAi, we take 
a sequence of forms aj G VA^{Hn) such that aj — > a and Aicr^- — > Aiu in the 
L^-norm. Then Picrj Picr, and 

PiAifT = lim PiAicr, = lim AiPiu, . 

Since Ai is closed, Pia e dom Ai, and PiAicr = AiPicr. □ 

Proposition 4.5. Le^ Vi 6e the range of Pi in L'^K^[Hn), i.e. the space of exact 
L"^ -forms. Then R maps dom Aq onto (dom Ai) fl Vi, and intertwines the action 
of Aq with that of Ai, i.e. 

RAq = AiR , 

on dom Aq . 

Proof. IfipeV{Hn), 

AiRif = (dd* + d*d)dAQ^(p 

= d{d*d)A~^ip 
^dA'^Aoif 
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An adaptation of the proof of Proposition 4.4 shows that i2(dom Aq) C dom Ai, 
and that RAq = AiR on dom Aq. 

Conversely, take uj e (dom Ai)nyi and (p e V{Hn). Since T>K^{Hn) is a core for 
Ai, we find a sequence in this space such that uj = hma;^ and Aio; = lim Aio;-,- 

in L?. Moreover, AiRip = RAoip G L?h^{Hn), and thus 

{R*A-LUj,(f) = {AiUj,R(f) 

= lim {AiU!j, R(fi) = lim {ujj, AiR(fi) 

J— >oo J— >oo 

= hm {uj, RAoip) 

j^oo 

= (w, RAoip) 
= {AoR*io, ifi) , 

showing that Ao{R*uj), defined in the sense of distributions, is equal to R*AiUj. In 
particular, R*uj G domAo. 

Since u> — Piu> — R{R*u>), it follows that u> G -R(dom Aq). □ 

We are so led to study Ai on V-^^, the orthogonal complement of the exact L^- 
fornis. This is the space of co-closed L^-forms, i.e. the forms u such that d*uj = 0. 
We denote by (resp. V^g ) space of co-closed (1, 0) forms (resp. (0, 1) forms). 

Proposition 4.6. For uj G , Aiuj = (Aq ^ iT)uj in the sense of distributions. 

Proof. If a; G ^3^' then d^uj = d*uj = 0. The conclusion follows from (4.1), and 
similarly for . □ 

Observe that, on Hi, consists of the (1, 0)-forms //? with d^{fP) = —Bf = 0. 
Therefore, on ¥2'., 

Aq -iT= -{2BB + T^) = -T^ . 
In the same way, Aq -\- iT = — on V2 ■ 

We want to describe now the orthogonal projections from L^A^{Hn) onto 
V^. We look at P2 as the composition of the orthogonal projection from 
L'^A^{Hn) onto L'^A^''^{Hn) followed by the orthogonal projection from L^A^'°(iy^) 
onto (and similarly for ^2 )- immediate to verify that 

Q^{uj+ + UJ- + h9) = uj± . 

In order to describe the second factor in the decomposition of P2 , it is preferable 
to consider its complementary projection, from L^A^'°(if„) onto the orthogonal 
complement (V'2^)"'". Since V2 is the null space of 9^, {¥2)'^ is the closure of the 
space of S^-exact L^-(l, 0)-forms. In the same way, (Va")"*" is the closure of the 
space of Sfo-exact i^^-(0, l)-forms. 

These projections involve the operators Do.o, ^0,0 in (2.4) and (2.5), 

□0,0 = dldb -\{L + inT) , Oco = dld^ ^\{L- iuT) . 

As there will be no confusion from now on, we drop the double subscript and 
simply write □ and □. As we have observed already. 
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Consequently, the image in LF'{Hn) of is contained in (kerD)"*" and the image 

in L'^[Hn) of dl is contained in (kerD)^. 
In particular, 

(4.4) dl = (/ - C)dl , Bt = (/ - C)dt . 

It follows from Lemma 3.2 and boundedness of the Riesz transforms that 

n-"^dt = V2{L"^{L + inT)-"^{i-c)) (1-^;) , 
n~h; = \/2[L^{L-inT)-^{i -c)^ {l'^B;) 

are weU defined and bounded from L'^A^^^{Hn) (resp. L'^A^'^Hn)) to L'^iH^). If 
the factors I — C and I — C are superfluous in the above formulas because of (4.4), 

the same is not true for the adjoint operators, dbO~^{I — C) and ^feD ^ (/ — C). 
We conclude that the four operators we will be dealing with, 

n = di,u-'^(i -c) , n = BbW'^ ii - c) , 

(4.5) 

are L^-bounded. 

Proposition 4.7. The operator TZTZ* is the orthogonal projection from L'^ A^'^ (Hn) 
onto the subspace of db- exact forms, and IZTZ* is the orthogonal projection from 
L'^A^'^{Hn) onto the subspace of Bi,- exact forms. In particular, these two subspaces 
are closed. Moreover, n*n = I -C, 11*11 = I - C. 

Proof. The argument is the same as in the proof of Proposition 4.4. The only 
substantial difference is that we must write 

and notice that Lemma 3.3 can be applied to the factor □~^(/ — C). In fact 
this operator can be realized as ii{i~^T, L), if is an appropriately chosen smooth 
function on some angle Dg, homogeneous of degree —1/2, equal to (^ — nA)~2 on 
Fn except for the half-line ^ = nA, A > 0, where it is set equal to 0. □ 

Corollary 4.8. The orthogonal projections from L'^A^(Hn) onto are given 
by 

p+ = (/ - mz*)Q+ , P2" = - ^^*)<5" • 

They map domAi into itself. 

5. Decomposition of the action of Ai on V3 

It remains to describe the action of Ai on the orthogonal complement V3 of 
Vi © © in L'^A^iHn). Notice that Ai(V3 n domAi) C Vs. It follows from 
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In order to describe V3 we take a detour that has the advantage of making this 
space somewhat more exphcit. We forget for a moment that Vi has been analyzed 
already, and we look at the full orthogonal complement of V2, 

= {u> : u) = + oj- + hO ,Lij^is df, — exact , lo- is df, — exact} . 

Since u)-^- is S^-exact, let u = TZ*ujj^. Then u E LP' and Cu = 0. Moreover, we can 
recover a;+ from u, since a;+ = TZu^ by Prop. 4.7. Analogously, we set v — 1Z*uj- 
so that V e L"^, Cv = and a;_ = 1Zv. Thus, we are lead to consider the closed 

subspace of {L^)^ 

W = {{u,v,h) e {L^f : Cu = Cv = 0}. 
Lemma 5.1. Define T -.W ^ by setting 

T{u, V, h) = nu + 'JZv + he . 
Then T is unitary and its inverse is given by 

Proof. By definition of TZ and TZ it is clear that F maps W into V^. Next, by 
Proposition 4.7, 

(r(w, V, h),T{u', v', h')) = (7^w, TZu') + {TZv, TZv') + (/i, h') 

= {n*nu, u') + {VMZv, v') + (/i, h') 
= {{u,v,h), {u',v',h')) , 

which shows that P preserves the inner product. The previous discussion shows 
that P*P = IdvK, and furthermore P is onto since PP* = Idy^j-. □ 

We now set 

Di = P*AiP, 

being dom(i;>i) — r*(dom(Ai) n ^2"^). We compute Di explicitely. Writing 
P(tt, V, h) = u!{u, V, h) and recalling that Ai is given by (4.1), we have 

Aic<;(w, f , h) = u!{u' , v' , h') , 

where 

{Uu' = (Ao - iT)nu - idbh 
Hv' = (Ao + iT)nv + idbh 
h' = id^TZu - idlTZv + (Aq + n)/i . 

By applying 71* to the first equation and 1Z* to the second one and using the 
commutation relations from Corollary 2.3 we obtain 

' u' = {Ao + iT)u - iD^ h 
< v' = (Ao - iT)v + in^h 
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Therefore, 

f Ao + iT -in^2 \ 

Di= Ao -iT iU^ 
1 — i 

\ iD^ -iD^ Ao + nJ 

Consider the corresponding matrix of spectral multiphers 











( 

(e+A^)/+ 



-X 







^ + A2 + n J 
-I 
A 



V^(e+nA) 



Diagonahzation of cZi will have the following implication. Assume that 

/ai(A,e) 

V = a2(A,0 
Va3(A,0. 

is a unit eigenvector of di of eigenvalue /i(A, ^). If we take a scalar function / e 
LP'{Hn) such that 

■ai(z-iT,L)/\ 
a2{i-^T,L)f \ eW , 
as{i-'T,L)fJ 

then DiF = n{i-^T,L)F. 

Lemma 5.2. The eigenvalues of di are C + A^ and ^ + A^ + f ± + A^ + ^ . T/ie 

matrix entries of the orthogonal projections to the eigenspaces of di are functions 
o/(A, which are bounded on the Heisenherg fan F^. 

Proof. We compute the eigenvalues of mi = di — + X^)I: 

det(mi — ///) = — //^ + nn^ + + A^)// , 
so that mi has eigenvalues 



Next we determine the eigenvectors and the orthogonal projections onto the 
eigenspaces of mi . 

A unit eigenvector for = is 



^U^ + nX) 



vo = 



a/C + A^ 
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In order to describe the eigenvectors corresponding to the eigengvalues we 



set 



(5.2) 



Tl 



where e,5 = ±1. Notice that the following identities hold: 



qtq+ =^ + nX 

q++qZ = qt + q+ 



2a 



(5.3) 



qtq+ 



q-q'- 



q+q- 



n 



= {a + XY- — 



(a - Xf - 



n 



q+q_ = ia--) -X 



Since 

mi — fi±I = 



V 



A- 



yi(e-nA) 
a unit eigenvector relative to //_|_ is 



f TV^ + A2 + 





- nX) 




nX) 



v+ = 



V2«(«+f) 



where we have used the identities (5.3) to obtain the normalizing factor. 
Similar computations show that a unit eigenvector relative to is 



( i\l\qXq+ ^ 



h-q'- 



The orthogonal projections corresponding to the eigenvectors above are repre- 
sented by the matrices po = '^o'^O' V± = '^±'^*±- Clearly these three matrices satisfy 
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Next, we wish to decompose W as the direct sum of subspaces in such a way 
that Di acts as a scalar operator on any of these subspaces. RecaUing the definition 
(5.2) of a and qg, we set 



(5.6) ^ = y Ao + ^ = a(r ^T, L) , Ql = A + s"^ - 5iT = 9|(r ^T, L) , 
where e,5 = ±1. By (5.3) and (2.4), (2.5) we then have the following identities 



Q+QZ = 2n 
QlQt = 20 . 



Proposition 5.3. Define Sq, S± resp. to be the operators from L'^{Hn) to L'^{Hn) 
having vq, v± resp. as spectral multipliers. Then So and S+ map LP'{Hn) isometri- 
cally into W , and S- maps L'^{Hn) = {/ £ L'^[Hn) : Cf = Cf = 0} isometrically 
into W . 

Moreover, W is the orthogonal sum of Wq — SoL'^{Hn), — S+L'^{Hn), 
W- = S-LQ{Hn) . More precisely, every {u,v, h) &W decomposes uniquely as 

{u, V, h) = Sofo + S+f+ + S-f- , 

with fo = SQ{u,v,h) e LP'{Hn), f+ = S^{u,v,h) e LP'{Hn), and f- = Sl{u,v,h) e 
LQ{Hn). Finally, the operators Pq = SqSq, P± = S±S^ on W whose spectral mul- 
tipliers arepo, p± resp., are the orthogonal projections onto Wq, W± respectively. 

Proof. We know that, for every fixed (A, ^) e 

I = Po + P+ + P- = vqVq + f +f + + f _f 1 on C^, 

where po,p+,p- are pairwise orthogonal projections. By the spectral theorem, this 
implies 

I = Po + P+ + P-= SoS* + S+S^ + on L\Hr,)\ 

where Po,P+ and P_ are pairwise orthogonal projections. Moreover, since the 
spectral multiplier for SqSq is VqVq = HvolP = 1; -S'o is isometric, and the same is 
true for S-^-, S-, by similar reasoning. 

Thus, every {u,v, h) e L'^{Hn)^ uniquely decomposes as the orthogonal sum 

iu,v,h) = Sofo + S+f+ + S_f_, 

with /o = Sq{u, v,h), f+ = S^{u,v,h), f- = Sl{u, v,h) e L'^{Hn). There remains 
to prove that the mapping 

r : (/o, /+, /_) ^ Sofo + S+f+ + S-f-, 

when restricted to the subspace Q — L"^ {Hn) x L"^ (Hn) x LQ^Hn) , maps into and onto 
W. To this end, notice that the first components in vo and v+ vanish for ^ = nX. 
Together with the fact that the spectral multiplier of C is the characteristic function 
of the set where ^ = nX, this implies that, if {u,v,h) equals 5*0/0 or S^f.^, then 

n A „;™;l — j- „1 n rpi „ — „ .i„„; — i,„ij„ c — 
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{u,v,h) = S-f- if we impose that C/_ = C/_ = 0, i.e. /_ e Ll{Hn). Thus 
T{n) C W. 

Conversely, given {u,v,h) e W, define /o,/± £ L^{Hn) as in the statement. In 
particular, 

/-= , ^ — (^^^Q|Q;^-^y^Q±Q=^ + V^Q;Qi/^) • 

^J2A{A - t) ^ 

From the identities 

Cu = , Cv = , CQZ = , CQ; = , 

we conclude that Cf- = Cf- = 0, hence (/o, /+, /_) G fi. □ 

Remark. It can be proved that it is possible to give another description of the 
three subspaces of W as 

Wo = {{u,v,h) e W : Tu = nh, Tv = D^h} 

w+ = {{u,v,h) ew : Q+u = -inh, Qtv = inh} 

W- = {{u,v,h) e W : QZu = iU^h, Q^v = -iU^} . 



Composing with F, this decomposition of W gives rise to an orthogonal decom- 
position of V2~. Notice that, if {u, v, h) e Wq^ i.e. 

for some / e L?{Hn), then 

r(«, V, h) = TZA-'^D^f + 1ZA-'my + TA-'ye = Rf , 

so that FVFo — Vi, the space of exact forms. 
Define 

= nwi) . 

Proposition 5.4. The orthogonal complement o/ Vi ® V2 in L^Ai is the subspace 
V3 = V^"*" ® . The operators TS+ and TS- are unitary respectively from L^{Hn) 
onto and from LQ{Hn) onto . The orthogonal projections from V^' ^'^^^ 
and are 

n± = F^i^^F* . 

Moreover, 



F5±(Ao + I ± ^Ao + f ) = AiF5± . 



Proof. The first part of the statement is obvious. What concerns the action of Ai 
follows from the fact that, since Di commutes with Pq, P±, 

dom (L>i) = (dom {Di) n Wq) © (dom (Di) n W+) © (dom {Di) n W-) . □ 
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6. L^'-BOUNDEDNESS OF SPECTRAL MULTIPLIERS OF Ai 

On the basis of the previous analysis, we can say that 

Ai = RAqR-^ = RAqR* 

on Fi, 

Ai = Ao T iT 

on V^, and, by Proposition 5.4, 



Ai = TS± (Ao + ^ ± ^Ao + ^)^ir 



on 



This imphes that, given a bounded Borel function m on (0,+oo) = M!l|., the 
operator Tm = m(Ai) equals 

Rm{Ao)R* , m( Ao T iT) , r5±m ( Ao + ^ ± ^Ao + ^) -S^F* , 

on the corresponding subspaces. Denoting by P3 = I — Pi—P^—P^ the orthogonal 
projection from L^A^(iy„) onto V3, we obviously have 

m(Ai) = m(Ai)Pi + m(Ai)P2^ + m(Ai)P2" + m(Ai)n+P3 + m(Ai)n_P3 • 
Observe that, since R*R = /, we have R*Pi = R*RR* = R*. Similarly, 

S'* r*n± = SIT* . 

We then have 

m(Ai) = Rm(Ao)R* + m(Ao - iT)P^ + m(Ao + iT)P^ 

(6.1) + r-s+m(Ao + ^ + ^Ao + ^)<s;rP3 

+ r5_m(Ao + 1 - ^Ao + ^)-SirP3 . 

We are so led to discuss boundedness of each of the operators appearing in 
(6.1). For this purpose, we recall the following result, taken from [MRS2, Cor. 2. 4], 
and concerning Marcinkiewicz multipliers of i~^T and L. Wc shall present a series of 
technical lemmas in a rather self-contained fashion. We do not claim full originality 
for every single statement. In particular, various overlappings with arguments in 
[MS] are present. Given p,a > 0, we say that a function /(A,^) is in the mixed 
Sobolev space L^^^ = L^^i^?) if 



(6.2) 



I. := [ (i + ie'i)'^(i + |A'i + ie'i)'i/(A',e')i'rfA'de' 



„ll /I 1 I i3 l\P/-\ 1 I a. I 1 I i3 IMT J-II2 
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is finite. When p and a are integers, this condition means that the derivatives d\d^^f 
are in for z < cr and i + j < p + cr. We shall make use of this characterization, 
together with the fact that the form an interpolation family. 

Let 7] G P((]Ri^)^) be a non-trivial, non-negative, smooth function (briefly, a 
bump function). We say that a bounded function (u(A, ^) defined on (Mi^)^ is 
in -^p o- sioc((^+)^) if every r = (ri,r2) G (R+)^, the function //'^(A,^) = 
niriX,r20v{KO is in Lj,^ and 

(6.3) ML.^^^^^^^ = swp\\fi^\\Li^ 

is finite. We extend this definition to functions p, defined on IR x by requiring 
that both p{X,C) and //(-A,e) are in Lj,,,,ioc((R+)')- 

If p and a are integers, to require that p G -^'^ sioc((^+)^) i^ equivalent to 
requiring that 

(6.4) sup r 1-^+2 V^^+^-'' /" \d\dlp{X,0\^ dXd^ < +00 , 

n,r-2>0 Jri<|A|<2ri ,r2<^<2r2 

for all i,j such that i<<7,i+j<p + cr. In particular, the definition of ^ ^[^^ is 
independent of the choice of rj. The same is true for every p,a > 0, as the following 
lemma shows. 

Lemma 6.1. Given two bump functions rji and r]2 on (M!j_)^, the norms (6.3) that 
they define are equivalent. Let 0, be a family of bump functions, such that all the 
r] E Cl are supported on the same compact subset of(R^)^, and that their C'' -norms 
are uniformly bounded for some k > p + a. Given another bump function r]Q, the 
norms (6.3) defined by the rj E Q are controlled uniformly by the norm defined by 
Vo- 

Proof. If 99 G 'D(M^), the operation of multiplication by </? is continuous on L^^, 
with a norm controlled by the C'^-norm of (p, ii k > p + a. This is trivial if p and 
a are integers, and it follows by interpolation in the general case. 
Given 771 and 772 as above, there are r^^\ . . . , r^'^^ G (M!l|.)^ such that 

k 

V'(A,e) = E^i(^S'^^'^2'^^)^'^>o 

on the support of 772. Hence 772 = (pip for some (p G ©(M^). Then 
\Hr-)v2\\Ll^ < C||//(r-)^|U2^ 

k 

(6.5) U 

k 

and this implies the first part of the statement. 

Given a family O of bump functions as above, the same tfj can be used for 
all the 77 G O, because of the condition on the supports. It follows that the set 
{ip = ri / tp : ri E Q,} is bounded in C'' for every k. Hence the constant C appearing 
in (6.5), with 772 = 7/ and 771 = 770, can be taken independently of 77. □ 
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Theorem 6.2 [MRS2]. Let fi be a bounded function in -£'p,<^,sioc(^ ^ ^+) Z^*^ some 
p > n and a > ^. Then ji{i~^T^L) is bounded on LP(Hn) for 1 < p < oo, with 
norms controlled by \\ij,\\t2 

p,tj, sloe 

From this statement we shall derive a result concerning spectral multipliers of 
Aq + laT for I a I < n. Observe that, if m is a bounded function on R.'^, then 
m(Ao + laT) = fx{i-^T, L), with 

/x(A,0 = m(A'+^-aA) . 

If r > 0, wc say that m G -t'Tsioc(^+) (^^ that m is a Mihlin-Hormander multi- 
plier of order r) if 

\\m\\L2 = sup ||m(r-)(/7|| 2 

is finite, where is a non-trivial, non-negative, smooth bump function on and 
the L^-norm is the ordinary Sobolev norm on M. It will be useful to observe that 
^ e Ll,,,,{R*+) if and only if ^(A,0 = miO is in ^^^^^.^^^((M;)^) for any a. 
In particular, the analogue of Lemma 6.1 can be formulated, with the obvious 
modifications, for L^gjQ^(Mi^). 

One important technical aspect of our argument is the following. 

Proposition 6.3. Let p,a > 0, a E {—n,n), and let m be a Mihlin-Hormander 
multiplier of order r = p + cr. Then fi{X,^) = m(A^ + C ~ cc-^) coincides on with 
a function in L^^^ j^^. 

This and Theorem 6.2 imply the following result. 

Theorem 6.4. If m is a Mihlin-Hormander multiplier of order r > n -|- |, then 
m(Ao + iaT) is a bounded operator on LP{Hn) for \a\ < n and 1 < p < oo. 

The proof of Proposition 6.3 requires a few lemmas. 

Lemma 6.5. Ifp{X,0 ^J,.,sioc . thenp{X^O is zn Ll^^^,^^{RxRX), 
with equivalence of norms. 

Proof. Let K he a, compact subset of (M!j_)^. If p and a are integers, it is quite 
clear that a function /(A,^) supported on K is in L^^^ if and only if /(A^,^) is in 
L^^. By complex interpolation, the same holds for all p, cr > 0. 

In order to prove the Lemma, it is sufficient to consider the restriction jl(X,^) of 
//(A^,^) to (M^)^. If ?7 is a bump function, the L^^^-norm of 

pinX, r20v{X, = p{rlX',r20v{X, 

is controlled by the L^^-norm of //(rf A, r2C)^('V^) 0- The conclusion follows easily 
from Lemma 6.1. □ 

Lemma 6.6. Let p e -^p o- sioc((^+)^)' ^'^^ S > 0. Let also V' be smooth on 
M X R!!j_, homogeneous of degree zero, and supported on the angle = {(A, ^) : ^ > 
{n — 5)\X\}. If a < n — 6, then 

/x'(A,e) = MA,e-«A)V'(A,o 
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Proof. If 7 e M, the linear change of variables (A,^) i — > (A,^ + 7A) induces an 
isomorphism of L^^^(R^) onto itself, with constants controlled by 7. This follows 
easily from (6.2). Therefore, if 770 is a bump function on (Rilj.)^ and ri,r2 > 0, the 



„-norm of 



is equivalent to the L^^^-norm of 

l^{riX, r2^')ip{riX, r2^' + ariX)r]o (A, ^' + a—X) , 
with constants controlled by the ratio ri/r2- Let 

r/,(A, eO = A, r2i'+anX)r^o (a, C'+a^ a) = V (a, y^'+o^x) vo (a, a) 



The conclusion follows if we prove that, for an appropriate choice of r^o? the set 
^ — {Vr '■ f £ (IR+)^} satisfies the assumptions of Lemma 6.1, and that rjr ^ only 
if the ratio ri/r2 is bounded. 

Assume that the support of 770 is contained in the square [1 — £, 1 + e]^, with 
e e (0, 1) to be determined. A necessary condition for having 77,. 7^ is that there 
exists (A, such that the conditions 

(6.6) (A,e' + a^A) e [l-£,l + £]^ (a, + aA) e L>5 , 
are satisfied, or, otherwise stated, that 

(^[1 -£,! + £] X [!Ji(i-£),^(l + e)]^ nD57^0 . 

This occurs if and only if the point ^1 — £, ^(1 + e)^ G Ds, i.e. if and only if 

(6.7) ^X"-*)^- 

The requirement about the boundedness of the ratios ri/r2 is then fulfilled. 

Once (6.7) is satisfied, we check that the supports of the rj^ are contained in a 
common compact subset of (R!!j_)^. Clearly, if (A,^') G suppry^., then A G [1— £, 1+s]. 
As to we impose, for all the (ri,r2) satisfying (6.7), the condition 

1-e + a—X< 1 + e , 
r-2 

taken from the first of (6.6). The existence of an upper bound for ^' independent 
of r follows from the fact that the ratios ri/r2 are bounded. For the lower bound, 
there is no problem if ct < 0. li < a < n — 6, taking into account (6.7) and that 
A < 1 + £, we are done if 

{\-e)-a-, — = l-£ 1 , >0. 
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This can be obtained by choosing e smaU enough. A simple verification shows 
that the derivatives of the i^r are uniformly bounded, so that the conclusion follows 
from Lemma 6.1. □ 

We can now prove Proposition 6.3. 

Proof of Proposition 6.3. Given a Mihlin-Hormander multiplier m of order r on the 
positive half-line, consider 

//i(A,e) = m(A + e) 

on (Mi^)^. Applying Lemma 6.6 to //o(A,^) = ■m.(^), with S = n and a = —1, we 
obtain that//i6L2^,^3i,,((M;)2). 

By Lemma 6.5, fi^iX, = ^(A^ + ^) is in Ll^^,,,^{R xR*^). 

Given CK G M with |a| < n, take S > 0, S < n — \a\ and construct i/j smooth, 
homogeneous of degree supported on Ds and equal to 1 on F„. Applying Lemma 
6.6 to m2(±A, ^) restricted to (-R!lj_)^, we conclude that also //3(A, — m(A^ + ^ ~ 
aA)V'(A,e)isinLj^^^,i„,(RxR;). □ 

Proposition 6.7. The operators S+ and S- are bounded from LP{Hn) to LP{Hn)^ 
for 1 < p < oo. 

Proof. The components of the operators and S- are spectral multiplier opera- 
tors whose multipliers are the components of v+ and V-. 

It turns out that the half-lines ^ — nX and ^ = —nX play a special role here, 
which is why we discuss them separately. We restrict ourselves to the half-line 
^ = nA; the other half-line can be treated in a similar way. 

On the former half- line, we have a = A -|- f , and, using (5.3), one finds that 



/ 


/ ^ 






/ 2A+n 






V \ 


/ \+n J 







The components of v+ and v_ are Mihlin-Hormander multipliers as functions of 
A > 0, and since the operator (5, which corresponds to the restriction to the spectral 
half- line ^ = nA, is L^-bounded, we see that the components of v+,V-, when 
restricted to this half-line, give rise to L^-bounded operators for 1 < p < oo. 

In view of the definition of the Heiseberg fan Fn, it thus suffices to consider the 
domain where ^ > (n -|- 1)|A|. Notice that the components of v± are all products of 
multipliers of the form 

^.o = (9|)^a-^ , z.+ = (?|)^(a+f)-^ , ^._ = (?,-)i(a-f)-^ . 
We show that for ^ > (n -|- 1)|A| they satisfy the pointwise estimates 

(6.8) \didiu{x,o\<c,,j\xrr' 

for z = 0, 1 and j arbitrary. This implies that they can be appropriately extended 
to the upper half-plane so that (6.4) holds with a = 1 and p arbitrary, so that the 
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Using the identity d^a — d^q'^ — we see by induction that 

k=0 k=0 

To prove (6.8) we shaU use the following elementary relation 

. X / ^ I ~1=' if « ^ 

(6.9) V« + - \/a - S 

[v^, ifa<p, 

valid for every a, /5 > 0. 

We first consider the case z = in (6.8). Clearly, uq is bounded. Moreover, 



n .„ , . , n 

I 1-^1 + 

(6.10) 



M .,. I M ^ /7 



and, by (6.9), since 

?l>^e + A^ + ^-|A|-^ = i/(|A| + ^)V(e-n|A|)-y(|A| + ^)', 
we have 

TTj^^, if |A| + ^ > VC-^|A|, 
ql > ^ |A| + 2 2 



Vl^^l, if |A| + ^ < vT^^. 
Notice that ^ — n|A| ~ ^, since we assume ^ > (n + 1)|A|, and thus 

^ TIM 



(6.11) 9| 



> 



a/^, if|A| + ^<x/e. 



For simplicity of notation, let us assume that A > 0. Then, by (6.10), (6.11), 

{x+'^r-'^c', ifA+^>ye, 

ifA+^<v^ 



This shows that (6.8) holds for i = 0. 

Consider now the case z = 1. To control dxvo, we write vq = '4'^ , where 
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Then 

dx'^ = Sa-^ - (£§ + 5X)Xa-^ 

hence 

fi. 7/„ — ^ ^- 

2 V^S, ^ •-' 4 '=-2 

By induction, one then finds that 



fc=0 fc=0 

By (6.10), (6.11) (assuming again that A > 0) we see that 

iQir'-'a"-'^ < ^ A+^ 2 

(^/er^^-^ , ifA+|<v^. 

Since k < j — 1, these terms are of order 0((A + §)~^^~"'). 

2 

Noticing that |(^^ + — A| < 1 when ^ > (n + 1)A, one finds in a similar 
way that the terms in the second sum are of the order 

(i+0(A+t)-^r^^+^^<A-^r^ 

so that (6.8) also holds for i = 1. 
Next, 



where the square root only depends on ^+ A^, and is a Mihlin-Hormander multiplier 
in this variable. So Theorem 6.4 applies to this factor. 
There remain the multipliers of the form 



We begin with i = in (6.8), assuming again for simplicity that A > 0. By induction, 
we here see that 

k+l<j 

Moreover, by (6.9), 



e + A 



2 



, if^>e+A^ 



n/2 
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n 

a ~ 



Assume first that ^ < 1. Since ^ > (n + 1)A, then 

Tl 

a - 2 - - 1 and g^" > C • 

Hence 

so that (6.8) holds. 

Let next ^>1. Then a - ^ ~ ^/^ + A^, hence 

A, ifA>v^, 

2 ifA<^/e. 
In combination with (6.10), (6.11), this gives 

SO that (6.8) holds for i — Q. 

Let next i = 1. Arguing similarly as for vq, we here put 

V' = |r' = l + '^A(a-^)-\ 

so that 

= ^(ea-(a- ^)- - fa-)(,,-)-^(a- |)-i 

consists of terms 
Then 

k+l<j-l 

and 

If ^ < 1, in view of the previous discussion one easily finds that each term arizing 
in these sums is of order 0{^~^~^), so that |9^/xi/2| < ^ A~^^~-'. 

Similarly, if ^ > 1, then, e.g. 



fc-l/ _ n -l+k+l-2j 



I fc-l , Z-l ; l+k+l-'ij I- 

< A-^r^' 

if /c + / < J, and the other terms can be estimated in a similar way. 
We thus see that (6.8) also holds for i = 1. □ 



< 
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Theorem 6.8. If m is a Mihlin-Hormander multiplier of order r > n + |, then 
m(Ai) is a hounded operator on L'PPi}{Hn) for 1 < p < oo. 

Proof. We show that, if m is as stated, then each individual operator appearing in 
(6.1) is L^-bounded. We begin with the orthogonal projections and the intertwining 

operators. As in the proof of Lemma 4.1, we write the components oi R = dAg ^ 
as 

(S,L-^)(lU-^) , (S,L-^)(lU-^) , TA"^ . 

The Riesz transforms BjL~^, BjL~^ are bounded on L^, being homogeneous 

singular integral operators with smooth kernels away from the origin. The operators 
1 _ 1 _ 1 

La Aq ^ and TAq ^ are also bounded on by Theorem 6.2. In fact their spectral 
multipliers satisfy the stronger pointwise condition (6.8) for every i,j. By duality, 
R* is also L^-bounded. By Corollary 4.8, L^-boundedness of P2 reduces to L^- 
boundedness of TZ, i.e. of each operator 

BjD-^{I~C) = {BjL-^)L^U-^{I -C) . 

Being homogeneous of degree zero, the spectral multiplier of L^n~^(/ — C) 
satisfies (6.8), and we can apply again Theorem 6.2. The argument is completely 
analogous for P2 . 

It remains to discuss the last two terms. Since V and F* only contain 7?., 
and their adjoints, we can pass directly to S± and 5^, and these operators are 
L^-bounded by Proposition 6.7. 

We finally consider the terms containing the multiplier m. By Theorem 6.4, 
m(Ao) is bounded on L^, and the same is true for m(Ao ± iT) as long as n > 2. 
On Hi, the restriction of m(Ao T iT) to equals m{—T'^), as we have already 
observed in Section 4. Hence this case is even simpler, the conclusion following by 
transference from M to Hi (or by Theorem 6.2). Finally, once we have observed 

that U is L^-bounded, it remains to consider m (^Aq + § ± \J Aq + ^ j . The L^- 
boundedness of these operators follows from the fact that also 

satisfy a Mihlin-Hormander condition of order r, as a consequence of the following 
last two lemmas. □ 

Lemma 6.9. Let m be a Mihlin-Hormander multiplier of order r on and let 
Lp : M!j_ R!!j_ he a smooth increasing function with the following properties 

(i) there exist exponents 7 and 7' such that, if k is the smallest integer greater 
than or equal to r and j < k, then \(p^^^{s)\ < Ms'^~^ for s close to and 
\(p^^\s)\ < Ms'^ ~^ for s close to +00; 

(ii) there is 5 > Q such that, for j = 0, 1, i^^^\s) > 5s'^~^ for s close to 0, and 
(p^^\s) > Ss'^ ~^ for s close to +00. 

Then mo (p is also a Mihlin-Hormander multiplier of order r. 

Proof. Let /, J be compact intervals contained in Mi^, let i/' : / — > J be a C'^-map 
with never vanishing derivative, and let / e be supported on J. If r < A; is an 
integer, then / o '0 g L^, and 

('c 1 o^ II ^ „ „/.ii _ ^ r^w f\\ _ 
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with C depending on the C'^-norm of if) and on the infimum of 

By complex interpolation, the same is true for every r < k. Take now m e 
-^r,sioc(^+)' consider, for r > 0, 

mr{s) = mo (f(rs)rjo{s) , 
with rjo a bump function supported in / = [1,2]. Define, for r < 1, 

By (i) and (ii), ^/^^(/) C [5, M2'>'] = J. The -norms of the ipr are uniformly 
bounded by (i), and the derivatives V'r are uniformly bounded from below by (ii). 
By (6.12), 

||mr||L2 <C\\'m{r'^-)r]ooip^^\\L2 . 
Consider the set Q consisting of the bump functions 

supported on J. It follows from (i) and (ii) that 

\{<f-^Y^\u)\ <M'u^-^ , 

for j < k, and 

for J = 0, 1. These inequalities imply that the rjr have uniformly bounded C^- 
norms. Applying now Lemma 6.1, we obtain that 

sup||m^|U2 < C||m|| r2 

The same argument works for r > 1, replacing 7 with 7'. □ 

Lemma 6.10. If m{s) is a Mihlin-Hormander multiplier on Mi^ of order r > |, 
the same is true for m{s) — m{s + a), for every a > 0. 

Proof. By scale-invariance, we can assume that a = 1. Take a bump function rjo 
with sufficiently small support, and consider first r large. By translation-invariance, 
the L^-norm of m{rs)r]o{s) equals the L^-norm of m{rs)r]o{s — r~^). The functions 
r]r{s) = r]o{s — r~^) are supported on the same compact subset of so that we 
can apply Lemma 6.1 to conclude that 

sup ||m(r-)r7o|U2 < C'||"7,||i,2 . 

"T T,8l0C 

If we now restrict our attention to r small, we can replace m by mx, where x 
is smooth and supported on some interval [1 — 5, 1 + M] . Hence we can assume 
that m e L^, so that m is the restriction to M^lj. of a function in L^, supported on 
[— 5, M]. We prove that, for r small, 

(6.13) \\rh{r-)ri\\L2 < C\\m\\L2 , 

with C independent of r. 

If T = /c is an integer, it follows from Leibniz's rule that the left-hand side 
is controlled by the L^-norms of r^fh^^^rs) over the support of rj. For j = 0, 
such norms are uniformly bounded by the boundedness of m, and for j > 1 by 
change of variable in the L^-integral. For general r, (6.13) follows by complex 
interpolation. □ 
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